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MODULUS OF CONTINUITY AND HEINZ-SCHWARZ TYPE
INEQUALITIES OF SOLUTIONS TO INHOMOGENEOUS
BIHARMONIC DIRICHLET PROBLEMS
SHAOLIN CHEN ∗
Abstract. For positive integers n ≥ 2 and m ≥ 1, suppose that function f ∈
C4(Bn,Rm) satisfying the following: (1) the inhomogeneous biharmonic equation
∆(∆f) = g (g ∈ C(Bn,Rm)) in Bn, (2) the boundary conditions f = ϕ1 (ϕ1 ∈
C(Sn−1,Rm)) on Sn−1 and ∂f/∂n = ϕ2 ( ϕ2 ∈ C(Sn−1,Rm)) on Sn−1, where
∂/∂n stands for the inward normal derivative, Bn is the unit ball in Rn and Sn−1
is the unit sphere of Bn. First, we establish the representation formula of solutions
to the above inhomogeneous biharmonic Dirichlet problem, and then discuss the
Heinz-Schwarz type inequalities and the modulus of continuity of the solutions.
1. Introduction and main results
1.1. Notations. For a positive integer n ≥ 2, let Rn and R = R1 be the usual
real vector space of dimension n and the set of real numbers, respectively. Let
Bn(x0, r) = {x ∈ Rn : |x − x0| < r}, Bn(x0, r) = {x ∈ Rn : |x − x0| ≤ r}
and Sn−1(x0, r) = ∂Bn(x0, r), where r > 0. We write Bn := Bn(0, 1) and Sn−1 :=
S
n−1(0, 1). Set D = B2, the open unit disk in the complex plane C ∼= R2. For
m ∈ N := {1, 2, . . .} and k ∈ N0 = N ∪ {0}, we denote by Ck(Ω1,Ω2) the set of all
k-times continuously differentiable functions from Ω1 into Ω2, where Ω1 and Ω2 are
subsets of Rn and Rm, respectively. In particular, let C(Ω1,Ω2) := C0(Ω1,Ω2), the
set of all continuous functions of Ω1 into Ω2.
1.2. Inhomogeneous biharmonic equation. For n ≥ 2 and m ≥ 1, let f =
(f1, . . . , fm) ∈ C4(Bn,Rm), ϕ1 ∈ C(Sn−1,Rm), ϕ2 ∈ C(Sn−1,Rm) and g ∈ C(Bn,Rm).
Of particular interest to us is the following inhomogeneous biharmonic equation:
(1.1)


∆(∆f) = g in Bn,
f = ϕ1 on S
n−1,
∂f
∂n
= ϕ2 on S
n−1,
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where ∆ :=
∑n
j=1
∂2
∂x2
j
is the Laplace operator,
∂f
∂n
=
(
∂f1
∂n
, . . . ,
∂fm
∂n
)
and ∂fk/∂n denotes the differentiation in the inward normal direction for k ∈
{1, . . . , m}. Here the boundary conditions in (1.1) are interpreted in the distri-
butional sense that fr → ϕ1 as r → 1−, and ∂fr/∂n→ ϕ2 as r → 1−, where
fr(η) = f(rη), η ∈ Sn−1,
for r ∈ [0, 1).
In particular, if g ≡ 0, then the solutions to (1.1) are biharmonic mappings (see
[12, 28]).
The inhomogeneous biharmonic equations arise in areas of continuum mechanics,
including linear elasticity theory and the solution of Stokes flows (cf. [13, 21, 22,
29, 30]). This article continues the study of the previous work of [5], and is mainly
motivated by the articles of Dyakonov [6, 7], Kalaj [18] and Li et al. [23]. In order
to state our main results, we introduce some necessary terminologies.
For x ∈ Bn and ζ ∈ Sn−1, let
Hn(x, ζ) =
1
2
(1− |x|2)2
|x− ζ |n
and
Kn(x, ζ) =
1
4
(1− |x|2)2
|x− ζ |n+2
(
n(1− |x|2)− (n− 4)|x− ζ |2).
Here Kn is called a biharmonic Poisson kernel.
For x, y ∈ Rn\{0}, we define x∗ = x/|x|, y∗ = y/|y|,
[x, y] := |y|x| − x∗| = |x|y| − y∗| and x⊗ y := (1− |x|2)(1− |y|2).
Also, for x, y ∈ Bn with x 6= y, we use G2,n(x, y) to denote the biharmonic Green
function (cf. [11]):
(1.2)
G2,n(x, y) =


cn
(
|x− y|4−n − [x, y]4−n − (n− 4)
2
(x⊗ y)[x, y]2−n
)
, n 6= 2, 4,
cn
(
|x− y|4−n log |x− y|
2
[x, y]2
+ (x⊗ y)[x, y]2−n
)
, n = 2, 4,
where An−1 = 2π
n
2 /Γ
(
n
2
)
is the (n − 1)-dimensional surface area of Sn−1, cn =
1/
(
2(4− n)(2− n)An−1
)
for n 6= 2, 4, and cn = 1/
(
8(−1)n/2+1An−1
)
for n = 2, 4.
1.3. Main results. For n = 2, Li and Ponnusamy [23] established a representation
formula and the uniqueness of the solutions to (1.1). In the following, we prove the
representation formula and the uniqueness of the solutions to (1.1) for n ≥ 2.
Modulus of continuity and Heinz-Schwarz type inequalities 3
Proposition 1.1. For positive integers n ≥ 2 and m ≥ 1, suppose that ϕ1 ∈
C(Sn−1,Rm), ϕ2 ∈ C(Sn−1,Rm) and g ∈ C(Bn,Rm). Let
K[ϕ1](x) =
∫
Sn−1
Kn(x, ζ)ϕ1(ζ)dσ(ζ), H [ϕ2](x) =
∫
Sn−1
Hn(x, ζ)ϕ2(ζ)dσ(ζ)
and
G[g](x) =
∫
Bn
G2,n(x, y)g(y)dV (y),
where dσ denotes the normalized Lebesgue surface measure on Sn−1 and dV is the
Lebesgue volume measure on Bn. If f ∈ C4(Bn,Rm) is a solution to (1.1), then
f(x) = K[ϕ1](x) +H [ϕ2](x) +G[g](x), x ∈ Bn.
Heinz in his classical paper [14] showed that the following result which is called the
Heinz-Schwarz type inequality of harmonic mappings: If f is a harmonic mapping
of D into D with f(0) = 0, then
|f(z)| ≤ 4
π
arctan |z|, z ∈ D.
Later, Hethcote [15] removed the assumption f(0) = 0 and proved the following
inequality
∣∣∣∣f(z)− 1− |z|21 + |z|2 f(0)
∣∣∣∣ ≤ 4π arctan |z|, z ∈ D,
where f is a harmonic mapping from D into itself (see also [24, Theorem 3.6.1]).
For n ≥ 3, the classical Heinz-Schwarz type inequality of harmonic mappings in Bn
infers that if f is a harmonic mapping of Bn into itself satisfying f(0) = 0, then
|f(x)| ≤ U(|x|en),
where en = (0, . . . , 0, 1) and U is a harmonic function of B
n into [−1, 1] defined by
U(x) = P [χ
S
n−1
+
− χ
S
n−1
−
](x) :=
∫
Sn−1
1− |x|2
|x− ζ |n
(
χ
S
n−1
+
(ζ)− χ
S
n−1
−
(ζ)
)
dσ(ζ).
Here χ is the indicator function and Sn−1+ = {x ∈ Sn−1 : xn ≥ 0}, Sn−1− = {x ∈
Sn−1 : xn ≤ 0} (cf. [2]). In [18], Kalaj showed that the following result for harmonic
mappings f of Bn into itself:
(1.3)
∣∣∣∣f(x)− 1− |x|2(1 + |x|2)n2 f(0)
∣∣∣∣ ≤ U(|x|en), x ∈ Bn.
By analogy with the inequality (1.3), we obtain the following result.
Theorem 1.1. For positive integers n ≥ 2 and m ≥ 1, let ϕ1 ∈ C(Sn−1,Rm),
ϕ2 ∈ C(Sn−1,Rm) and g ∈ C(Bn,Rm). If f ∈ C4(Bn,Rm) is a solution to (1.1), then,
for x ∈ Bn,
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∣∣f(x) − δ1(|x|)K[ϕ1](0)− δ2(|x|)H [ϕ2](0)∣∣(1.4)
≤ |n− 4|
4
‖ϕ1‖∞(1− |x|2)U(|x|en) + n
4
‖ϕ1‖∞U∗(|x|en)
+
‖ϕ2‖∞
2
(1− |x|2)U(|x|en) + ‖g‖∞
8n(n + 2)
(1− |x|2)2,
where ‖ϕk‖∞ = supζ∈Sn−1 |ϕk(ζ)| (k = 1, 2), ‖g‖∞ = supx∈Bn |g(x)|,
δ1(|x|) = n
4
(1− |x|2)3
(1 + |x|2)n+22
− (n− 4)
4
(1− |x|2)2
(1 + |x|2)n2 , δ2(|x|) =
(1− |x|2)2
(1 + |x|2)n2
and
U∗(x) =
∫
Sn−1
(1− |x|2)3
|x− ζ |n+2
(
χ
S
n−1
+
(ζ)− χ
S
n−1
−
(ζ)
)
dσ(ζ).
Moreover, if g = (8n(2 + n)M, 0, . . . , 0) ∈ Rm in Bn, and ϕ1 = ϕ2 = (0, . . . , 0) ∈
Rm in Sn−1, then f(x) = (M(1 − |x|2)2, 0, . . . , 0) ∈ Rm shows that the estimate of
(1.4) is sharp in Bn, where M is a constant.
Remark 1.1. For n = 2, 3, 4, we compute the values of U∗(ren) and U(ren), repec-
tively, where r = |x|. Let ζ = (ζ1, . . . , ζn) ∈ Sn−1 such that ζn = cos θ, where θ is
the angle between the vector x and xn axis. Let m(r) = 2r/(1 + r
2). Elementary
calculations lead to
(1− r2)3 sinn−2 θ
(1 + r2 − 2r cos θ)n+22
− (1− r
2)3 sinn−2 θ
(1 + r2 + 2r cos θ)
n+2
2
=
(1− r2)3
(1 + r2)
n+2
2
∞∑
k=0
(
−(2 + n)
2
)
k
(
(−1)k − 1)mk(r) cosk θ sinn−2 θ.
and ∫ pi
2
0
cosk θ sinn−2 θdθ =
Γ
(
1+k
2
)
Γ
(
n−1
2
)
2Γ
(
n+k
2
) ,
which imply that
U∗(ren) =
Γ
(
n
2
)
√
πΓ
(
n−1
2
) ∫ pi
0
(1− r2)3 sinn−2 θ
(1 + r2 − 2r cos θ)n+22
(χ
S
n−1
+
− χ
S
n−1
−
)dθ
=
Γ
(
n
2
)
√
πΓ
(
n−1
2
) ∫ pi2
0
(
(1− r2)3 sinn−2 θ
(1 + r2 − 2r cos θ)n+22
− (1− r
2)3 cosn−2 θ
(1 + r2 + 2r sin θ)
n+2
2
)
dθ
=
Γ
(
n
2
)
√
πΓ
(
n−1
2
) ∫ pi2
0
(
(1− r2)3 sinn−2 θ
(1 + r2 − 2r cos θ)n+22
− (1− r
2)3 sinn−2 θ
(1 + r2 + 2r cos θ)
n+2
2
)
dθ
= Q(r),
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n U∗(ren) U(ren)
2 2
pi
(
2r(1−r2)
1+r2
+ (1 + r2) arcsin 2r
1+r2
)
4 arctan r
pi
3
(
(1+4r2+3r4)(1+r2)
1
2+r6−3r4+3r2−1
)
3r(1+r2)
3
2
r2−1+√1+r2
r
√
1+r2
4 2
pi
(
2r(1−r2)
(1+r2)2
+ arcsin 2r
1+r2
)
2r(r2−1)+2(1+r2)2 arctan r
pir2(1+r2)
Table 1. Values of U∗(ren) and U(ren) for Theorem 1.1.
where
Q(r) =
Γ
(
n
2
)
√
πΓ
(
n−1
2
) (1− r2)3
(1 + r2)
n+2
2
∞∑
k=0
Γ
(
1+k
2
)
Γ
(
n−1
2
)
2Γ
(
n+k
2
) (−(2 + n)
2
)
k
(
(−1)k−1)mk(r).
Since (−1)k − 1 = 0 for k = 2j, where j ∈ {0, 1, . . . , }, we see that Q(r) can be
rewritten as
Q(r) = −Γ
(
n
2
)
√
π
(1− r2)3
∞∑
j=0
(2r)2j+1Γ(1 + j)
Γ
(
n+2j+1
2
)
(1 + r2)
n
2
+2j+2
(
−(2 + n)
2
)
2j+1
=
Γ
(
n
2
)
2(2 + n)r(1− r2)34F3
({
1, 1 + n
4
, 3
2
+ n
4
}
,
{
3
2
, 1
2
+ n
2
}
, 4r
2
(1+r2)2
)
√
πΓ
(
n−1
2
)
(n− 1)(1 + r2)2+n2 ,(1.5)
where 4F3 is defined in [9]. By applying [9, Eq. 3.1.8] to (1.5), we obtain the values
of U∗(ren) (see the Table 1). The values of U(ren) follows from [18, Remark 2.7]
(see also the Table 1).
A continuous increasing function ω : [0,∞) → [0,∞) with ω(0) = 0 is called a
majorant if ω(t)/t is non-increasing for t > 0 (cf. [6, 7]). Given a subset Ω of Rn, a
function u : Ω→ Rm is said to belong to the Lipschitz space Lω(Ω,Rm) if there is
a positive constant L such that
sup
x,y∈Ω,x 6=y
|u(x)− u(y)|
ω(|x− y|) ≤ L.
Dyakonov [6, 7] characterized the analytic functions of class Lω(D,C) in terms of
their modulus (see also [25]). In [27], Shiga discussed the modulus of continuity of
analytic functions with respect to the majorant
ω(t) = ωα(t) =
{
(− log t)−α for 0 < t < 1/eα+1,
(1 + α)−α for t ≥ 1/eα+1,
where α > 0. It is well-known that the condition u ∈ Lω(S1,C) is not enough to
guarantee that its harmonic extension P [ψ] belongs to Lω(D,C), where ω(t) = t and
P [ψ](z) =
1
2π
∫ 2pi
0
1− |z|2
|eiθ − z|2u(e
iθ)dθ, z ∈ D.
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In fact, P [ψ] ∈ Lω(D,C) is Lipschitz continuous if and only if the Hilbert transform
of dψ(eiθ)/dθ belongs to L∞(S1) (see [1] and [31]), where ω(t) = t. In [1], Arsen-
ovic´ et al. established the following result for harmonic mappings of Bn into Rn:
For a boundary function which is Lipschitz continuous, if its harmonic extension is
quasiregular, then this extension is also Lipschitz continuous. Recently, the relation-
ship of the Lipschitz continuity between the boundary functions and their harmonic
extensions has attracted much attention (see [4, 5, 16, 19, 23]). Li and Ponnusamy
[23] discussed the Lipschitz characteristic of solutions to the inhomogeneous bihar-
monic equation (1.1) for n = 2. The same problem in higher dimentional space is
much more complicated because of the lack of the techniques of complex analysis.
For n ≥ 2, we will investigate the Lipschitz continuity (or the modulus of continuity)
of the solutions to (1.1) as follows.
Theorem 1.2. Suppose that n ≥ 2 and m ≥ 1 are integers, and ω is a majorant
satisfying
lim sup
t→0+
ω(t)
t
= c <∞.
For ϕ1 ∈ Lω(Sn−1,Rm), ϕ2 ∈ C(Sn−1,Rm) and g ∈ C(Bn,Rm), if f ∈ C4(Bn,Rm)
satisfies (1.1), then f ∈ Lω(Bn,Rm).
The rest of this article is organized as follows. In section 2, some necessary
notations and useful results will be introduced. In section 3, the Proposition 1.1 will
be proved. Theorems 1.1 and 1.2 will be showed in sections 4 and 5, respectively.
2. Preliminaries
2.1. Gauss Hypergeometric Functions. For a, b, c ∈ R with c 6= 0,−1,−2, . . . ,
the hypergeometric function is defined by the power series
2F1(a, b; c; t) =
∞∑
k=0
(a)k(b)k
(c)k
tk
k!
with respect to the variable t ∈ (−1, 1). Here (a)0 = 1, (a)k = a(a+1) · · · (a+k−1)
for k = 1, 2, . . ., and generally (a)k = Γ(a + k)/Γ(a) is the Pochhammer symbol,
where Γ is the Gamma function (cf. [26]).
2.2. Mo¨bius Transformations of Bn. For any fixed x ∈ Bn, the Mo¨bius transfor-
mation in Bn is defined by
(2.1) φx(y) =
|x− y|2x− (1− |x|2)(y − x)
[x, y]2
, y ∈ Bn.
The set of isometries of the hyperbolic unit ball is a Kleinian subgroup of all Mo¨bius
transformations of the extended spaces Rn ∪ {∞} onto itself. In the following, we
make use of the automorphism group Aut(Bn) consisting of all Mo¨bius transforma-
tions of the unit ball Bn onto itself. We recall the following facts from [3]: For
x ∈ Bn and φx ∈ Aut(Bn), we have φx(0) = x, φx(x) = 0, φx(φx(y)) = y ∈ Bn,
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(2.2) |φx(y)| = |x− y|
[x, y]
, 1− |φx(y)|2 = (1− |x|
2)(1− |y|2)
[x, y]2
and
(2.3) |Jφx(y)| =
(1− |x|2)n
[x, y]2n
.
2.3. Matrix notations. For an m× n matrix A = (aij)m×n, the operator norm of
A is defined by
|A| = sup
x 6=0
|Ax|
|x| = max{|Aθ| : θ ∈ S
n−1},
and the matrix function l(A) is defined by
l(A) = inf{|Aθ| : θ ∈ Sn−1}.
For a domain Ω ⊂ Rn, let f = (f1, . . . , fm) : Ω → Rm be a function that has all
partial derivatives at x = (x1, . . . , xn) in Ω. Then we denote the derivative Df of f
by
Df =


D1f1 · · · Dnf1
... · · · ...
D1fm · · · Dnfm

 = (∇f1 · · · ,∇fm)T ,
where Djfi(x) = ∂fi(x)/∂xj , T is the transpose and the gradients ∇fj (j =
1, . . . , m) are understood as column vectors.
2.4. Spherical coordinate transformation. Let Q = (ζ1, . . . , ζn) : T
n−1 → Sn−1
be the following spherical coordinate transformation
ζ1 = cos θ1,
ζ2 = sin θ1 sin θ2,
...
ζn−1 = sin θ1 sin θ2 · · · sin θn−2 cos θn−1,
ζn = sin θ1 sin θ2 · · · sin θn−2 sin θn−1,
where Tn−1 = [0, π]× · · · × [0, π]︸ ︷︷ ︸×[0, 2π]. We use
JQ(θ1, . . . , θn−1) := sin
n−2 θ1 · · · sin θn−2
to denote the Jacobian of Q.
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3. The representation formula of solutions to the inhomogeneous
biharmonic Dirichlet problems
The proof of Proposition 1.1. For Φ ∈ C4(Bn,Rm), ϕ1 ∈ C(Sn−1,Rm), ϕ2 ∈
C(Sn−1,Rm), if Φ satisfies the following homogeneous biharmonic equation
(3.1)


∆(∆Φ) = 0 in Bn,
Φ = ϕ1 on S
n−1,
∂Φ
∂n
= ϕ2 on S
n−1.
Then, by using Boggio’s formula (cf. [8, 10]), we see that
(3.2) Φ(x) = K[ϕ1](x) +H [ϕ2](x), x ∈ Bn,
is an unique solution to (3.1).
In order to obtain the solution to (1.1), we also need consider the following bihar-
monic equation
(3.3)


∆(∆Ψ) = g in Bn,
Ψ = 0 on Sn−1,
∂Ψ
∂n
= 0 on Sn−1,
where Ψ ∈ C4(Bn,Rm) and g ∈ C(Bn,Rm). For each fixed y ∈ Bn, elementary
calculations lead to 

∆(∆G2,n(x, y)) = δy(x) in B
n,
G2,n(x, y) = 0 on S
n−1,
∂
∂n
G2,n(x, y) = 0 on S
n−1,
where δy(x) denotes the Dirac distribution concentrated at the point y ∈ Bn. Hence
(3.4) Ψ(x) = G[g](x)
is an unique solution to (3.3). It follows from (3.2) and (3.4) that
f(x) = K[ϕ1](x) +H [ϕ2](x) +G[g](x)
is the only solution to (1.1). The proof of this theorem is complete. 
4. The Heinz-Schwarz type inequalities of solutions to
inhomogeneous biharmonic Dirichlet problems
Lemma A. ([17] or [26, 2.5.16(43)]) For µ1 > 1 and µ2 > 0, we have∫ pi
0
sinµ1−1 t
(1 + r2 − 2r cos t)µ2 dt = B
(
µ1
2
,
1
2
)
2F1
(
µ2, µ2 +
1− µ1
2
;
1 + µ1
2
; r2
)
, r ∈ [0, 1),
where B(., .) denotes the beta function.
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The proof of Theorem 1.1. For x ∈ Bn, let
Φ(x) = K[ϕ1](x) +H [ϕ2](x).
Then Φ is biharmonic in Bn.
We first assume that x = |x|en is on the ray [0, en], where en = (0, . . . , 0, 1). Then
we have
(4.1)
∣∣Φ(|x|en)− δ1(|x|)K[ϕ1](0)− δ2(|x|)H [ϕ2](0)∣∣ ≤ |K∗(|x|en)|+ |H∗(|x|en)|,
where
δ1(|x|) = n
4
(1− |x|2)3
(1 + |x|2)n+22 −
(n− 4)
4
(1− |x|2)2
(1 + |x|2)n2 , δ2(|x|) =
(1− |x|2)2
(1 + |x|2)n2 ,
K∗(|x|en) = K[ϕ1](|x|en)− δ1(|x|)K[ϕ1](0)
and
H∗(|x|en) = H [ϕ2](|x|en)− δ2(|x|)H [ϕ2](0).
By calculations, we obtain
|K∗(|x|en)| ≤ n
4
‖ϕ1‖∞
∫
Sn−1
∣∣∣∣∣ (1− |x|
2)3
||x|en − ζ |n+2 −
(1− |x|2)3
(1 + |x|2)n+22
∣∣∣∣∣ dσ(ζ)(4.2)
+
|n− 4|
4
‖ϕ1‖∞
∫
Sn−1
∣∣∣∣ (1− |x|2)2||x|en − ζ |n − (1− |x|
2)2
(1 + |x|2)n2
∣∣∣∣ dσ(ζ)
=
n
4
‖ϕ1‖∞U∗(|x|en) + |n− 4|
4
‖ϕ1‖∞(1− |x|2)U(|x|en)
and
|H∗(|x|en)| ≤ 1
2
‖ϕ2‖∞
∫
Sn−1
∣∣∣∣(1− |x|2)2|x− ζ |n ϕ2(ζ)− (1− |x|
2)2
(1 + |x|2)n2
∣∣∣∣dσ(ζ)(4.3)
≤ (1− |x|
2)
2
‖ϕ2‖∞U(|x|en).
It follows from (4.1), (4.2) and (4.3) that
|Φ∗(|x|en)| ≤ |n− 4|
4
‖ϕ1‖∞(1− |x|2)U(|x|en) + n
4
‖ϕ1‖∞U∗(|x|en)(4.4)
+‖ϕ2‖∞ (1− |x|
2)
2
U(|x|en),
where
Φ∗(x) = Φ(x)− δ1(|x|)K[ϕ1](0)− δ2(|x|)H [ϕ2](0).
If x is not on the ray [0, en], then we choose a unitary transformation O such that
O(en) = x/|x|. By making use of the biharmonic mapping B(y) = Φ(O(y)), we get
B(|x|en) = Φ(O(|x|en)) = Φ(x),
which, together with (4.4), implies that, for any x ∈ Bn,
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|Φ∗(x)| ≤ |n− 4|
4
‖ϕ1‖∞(1− |x|2)U(|x|en)(4.5)
+
n
4
‖ϕ1‖∞U∗(|x|en) + ‖ϕ2‖∞ (1− |x|
2)
2
U(|x|en).
Next, we estimate |G[g]|.
Case 1. n 6= 2, 4.
For x, y ∈ Bn, let z = φx(y) ∈ Aut(Bn). Then
(4.6) |x− φx(z)| =
∣∣∣∣(z − x|z|2)(1− |x|2)[x, z]2
∣∣∣∣ = |z|(1− |x|2)[x, z] ,
which, together with (2.2), we have
G2,n(x, y) = cn
(1− |φx(y)|n−4)
|x− y|n−4 −
cn(n− 4)
2
|φx(y)|n−4(1− |φx(y)|2)
|x− y|n−4
= cn
(1− |z|n−4) [x, z]n−4
|z|n−4(1− |x|2)n−4 −
cn(n− 4)
2
(1− |z|2) [x, z]n−4
(1− |x|2)n−4 .
By [11, Lemma 2.1], we know that G2,n(x, y) > 0. Then, by changing variables, we
obtain
(4.7)
∫
Bn
|G2,n(x, y)|dV (y) =
∫
Bn
G2,n(x, y)dV (y) = G1 − G2,
where
G1(x) = cn(1− |x|2)4
∫
Bn
(1− |z|n−4)
|z|n−4[x, z]n+4dV (z)
and
G2(x) = cn (n− 4)
2
(1− |x|2)4
∫
Bn
(1− |z|2)
[x, z]n+4
dV (z).
Now we estimate G1 and G2. Using the spherical coordinates and Lemma A, we
obtain∫
Sn−1
dσ(ζ)
|ρx− ζ |4+n =
Γ
(
n
2
)
√
πΓ
(
n−1
2
) ∫ pi
0
sinn−2 t
(1 + ρ2|x|2 − 2ρ|x| cos t)n+42
dt(4.8)
=
Γ
(
n
2
)
√
πΓ
(
n−1
2
) · √πΓ(n−12 )
Γ
(
n
2
) 2F1(n+ 4
2
, 3;
n
2
; ρ2|x|2
)
= 2F1
(n+ 4
2
, 3;
n
2
; ρ2|x|2
)
=
∞∑
k=0
(k + 1)(k + 2)(n+ 2k)(n+ 2k + 2)
2n(n + 2)
ρ2k|x|2k,
which gives that
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G1(x) = cnAn−1(1− |x|2)4
∫ 1
0
ρ3(1− ρn−4)
(∫
Sn−1
dσ(ζ)
|xρ− ζ |n+4
)
dρ(4.9)
=
(n− 4)cnAn−1(1− |x|2)4
4n(n+ 2)
∞∑
k=0
(k + 1)(2k + 2 + n)|x|2k
=
(n− 4)cnAn−1(1− |x|2)
(
n+ 2− (n− 2)|x|2)
4n(n + 2)
and
G2(x) = (n− 4)cnAn−1
2
(1− |x|2)4
∫ 1
0
(∫
Sn−1
ρn−1(1− ρ2)dσ(ζ)
|xρ− ζ |n+4
)
dρ(4.10)
=
(n− 4)cnAn−1(1− |x|2)4
2n(n+ 2)
∞∑
k=0
(k + 1)(k + 2)|x|2k
=
(n− 4)cnAn−1(1− |x|2)
n(n + 2)
.
It follows from (4.7), (4.9) and (4.10) that
|G[g](x)| ≤ ‖g‖∞
∫
Bn
|G2,n(x, y)|dV (y) = ‖g‖∞
(G1 − G2)(4.11)
≤ ‖g‖∞ (n− 4)(n− 2)cnAn−1
4n(n+ 2)
(1− |x|2)2
=
‖g‖∞
8n(n+ 2)
(1− |x|2)2.
Case 2. n = 2.
For x, y ∈ B2, let z = φx(y) ∈ Aut(B2). By (2.2), (2.3) and Lemma A, we have
G3(x) =
∫
B2
|x− y|2 log |x− y|
2
[x, y]2
dV (y) = (1− |x|2)4
∫
B2
|z|2 log |z|2
[x, z]6
dV (z)
= 4π(1− |x|2)4
∫ 1
0
ρ3 log ρ
(∫
S1
dσ(ζ)
|xρ− ζ |6
)
dρ
= −4π(1− |x|2)4
∞∑
k=0
(k + 1)2(k + 2)2|x|2k
∫ 1
0
ρ3+2k log ρdρ
= −A1
8
(1− |x|2)(1 + |x|2),
which, together with G2,2(x, y) > 0, yields that
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|G[g](x)| ≤ ‖g‖∞
∫
B2
|G2,2(x, y)|dV (y) = ‖g‖∞
∫
B2
G2,2(x, y)dV (y)(4.12)
= ‖g‖∞c2
(
G3(x) +
∫
B2
(x⊗ y)dV (y)
)
= ‖g‖∞c2
(
G3(x) + A1(1− |x|
2)
4
)
= ‖g‖∞ (1− |x|
2)2
64
.
Case 3. n = 4.
Since G2,4(x, y) > 0 for x, y ∈ B4, by (4.8), we see that
|G[g](x)| ≤ ‖g‖∞
∫
B4
|G2,4(x, y)|dV (y) = ‖g‖∞
∫
B4
G2,4(x, y)dV (y)(4.13)
= ‖g‖∞c4
∫
B4
(
1− |z|2 + log |z|2) (1− |x|2)4
[x, z]8
dV (z)
= A3‖g‖∞c4
∫ 1
0
ρ3
(
1− ρ2 + log ρ2)(∫
S3
(1− |x|2)4dσ(ζ)
|xρ− ζ |8
)
dρ
= −A3‖g‖∞c4(1− |x|
2)4
24
∞∑
k=0
(k + 1)|x|2k
=
(1− |x|2)2
192
‖g‖∞,
where z = φx(y). Hence (1.4) follows from (4.5), (4.11), (4.12) and (4.13). The
proof of this theorem is complete. 
5. modulus of continuity of solutions to the inhomogeneous
biharmonic Dirichlet problems
Lemma 5.1. For x ∈ Bn, ∫
Sn−1
Kn(x, ζ)dσ(ζ) = 1.
Proof. By the spherical coordinate transformation (see section 2.4) and Lemma A,
we have
∫
Sn−1
dσ(ζ)
|x− ζ |2+n =
1∫ pi
0
sinn−2 t
∫ pi
0
sinn−2 t dt(
1 + |x|2 − 2|x| cos t)n+22(5.1)
=
∞∑
j=0
(n + 2k)(k + 1)
n
|x|2k
=
1
n
(
n
(1− |x|2)2 +
4|x|2
(1− |x|2)3
)
.
Modulus of continuity and Heinz-Schwarz type inequalities 13
Elementary computations show that∫
Sn−1
(1− |x|2)2
|x− ζ |n dσ(ζ) = 1− |x|
2,
which, together with (5.1), implies that
∫
Sn−1
Kn(x, ζ)dσ(ζ) =
n
4
∫
Sn−1
(1− |x|2)3
|x− ζ |n+2 dσ(ζ)−
(n− 4)
4
∫
Sn−1
(1− |x|2)2
|x− ζ |n dσ(ζ)
=
(1− |x|2)3
4
(
n
(1− |x|2)2 +
4|x|2
(1− |x|2)3
)
− (n− 4)
4
(1− |x|2)
= 1.
The proof of this lemma is finished. 
Lemma B. ([20, Lemma 2.5]) Let ̺ be a bounded (absolutely) integrable function
defined on a bounded domain Ω ⊂ Rn. Then the potential type integral
τ(x) =
∫
Ω
̺(y)dV (y)
|x− y|α
belongs to the space Ck(Rn,R), where k + α < n. Moreover,
∇τ(x) =
∫
Ω
∇
(
1
|x− y|α̺(y)
)
dV (y).
The proof of Theorem 1.2. We divide the proof of this theorem into four steps.
Step 5.1. The estimate of |DK[ϕ1]|.
For x = (x1, . . . , xn) ∈ Bn and ζ = (ζ1, . . . , ζn) ∈ Sn−1, we obtain
∂
∂xk
Kn(x, ζ) =
1
4
(
− 6n(1− |x|
2)2xk
|x− ζ |n+2 −
n(n + 2)(1− |x|2)3(xk − ζk)
|x− ζ |n+4
+
4(n− 4)(1− |x|2)xk
|x− ζ |n +
n(n− 4)(1− |x|2)2(xk − ζk)
|x− ζ |n+2
)
,
where k ∈ {1, . . . , n}.
Then, for any ξ = (ξ1, . . . , ξn) ∈ Rn \ {0}, we obtain
〈∇Kn(x, ζ), ξ〉 = 1
4
n∑
k=1
(
− 6n(1− |x|
2)2xkξk
|x− ζ |n+2 −
n(n+ 2)(1− |x|2)3(xk − ζk)ξk
|x− ζ |n+4
+
4(n− 4)(1− |x|2)xkξk
|x− ζ |n +
n(n− 4)(1− |x|2)2(xk − ζk)ξk
|x− ζ |n+2
)
,
which, together with Cauchy-Schwarz’s inequality, implies that
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|〈∇Kn(x, ζ), ξ〉| ≤ 3n
2
(1− |x|2)2|x||ξ|
|x− ζ |n+2 +
n(n+ 2)
4
(1− |x|2)3|ξ|
|x− ζ |n+3(5.2)
+
|n− 4|(1− |x|2)|x||ξ|
|x− ζ |n +
n|n− 4|(1− |x|2)2|ξ|
4|x− ζ |n+1 ,
where 〈·, ·〉 is the Euclidean inner product.
By (5.2) and Lemma 5.1, for x = |x|x∗ ∈ Bn \ {0}, we get
|DK[ϕ1](x)ξ| =
∣∣∣∣
∫
Sn−1
〈∇Kn(x, ζ), ξ〉ϕ1(ζ)dσ(ζ)
∣∣∣∣(5.3)
=
∣∣∣∣
∫
Sn−1
〈∇Kn(x, ζ), ξ〉(ϕ1(ζ)− ϕ1(x∗))dσ(ζ)
∣∣∣∣
≤ |ξ|
4∑
j=1
Ij(x),
where
I1(x) =
3n
2
∫
Sn−1
(1− |x|2)2|x|
|x− ζ |n+2 |ϕ1(ζ)− ϕ1(x
∗)|dσ(ζ),
I2(x) =
n(n+ 2)
4
∫
Sn−1
(1− |x|2)3
|x− ζ |n+3 |ϕ1(ζ)− ϕ1(x
∗)|dσ(ζ),
I3(x) = |n− 4|
∫
Sn−1
(1− |x|2)|x|
|x− ζ |n |ϕ1(ζ)− ϕ1(x
∗)|dσ(ζ)
and
I4(x) =
n|n− 4|
4
∫
Sn−1
(1− |x|2)2
|x− ζ |n+1 |ϕ1(ζ)− ϕ1(x
∗)|dσ(ζ).
Now we first estimate I1 and I2. By (5.1) and Cauchy-Schwarz’s inequality, we
have
∫
Sn−1
(1− |x|2)2
|x− ζ |n+1 dσ(ζ) ≤
(∫
Sn−1
1− |x|2
|x− ζ |ndσ(ζ)
)1
2
(∫
Sn−1
(1− |x|2)3
|x− ζ |n+2 dσ(ζ)
)1
2
=
(
1− |x|2 + 4
n
|x|2
) 1
2
.(5.4)
Since ϕ1 ∈ Lω(Sn−1,Rm), we see that there is positive constant L such that
(5.5) |ϕ1(ζ)− ϕ1(x∗)| ≤ Lω(|ζ − x∗|), ζ ∈ Sn−1.
Simple calculations show that, for ζ ∈ Sn−1,
(5.6) |ζ − x∗| ≤ |ζ − x| + |x− x∗| = |ζ − x|+ (1− |x|) ≤ 2|ζ − x|.
By (5.4), (5.5) and (5.6), we have
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I1(x) =
3n|x|
2
∫
Sn−1
(1− |x|2)2
|x− ζ |n+2 |ϕ1(ζ)− ϕ1(x
∗)|dσ(ζ)(5.7)
≤ 3n|x|L
2
∫
Sn−1
(1− |x|2)2
|x− ζ |n+2
ω(|ζ − x∗|)
|ζ − x∗| |ζ − x
∗|dσ(ζ)
≤ 3n|x|Lc
∫
Sn−1
(1− |x|2)2
|x− ζ |n+1 dσ(ζ)
≤ 3nLc|x|
(
1− |x|2 + 4
n
|x|2
) 1
2
=M1(n),
where
M1(n) =


6
√
nLc, 2 ≤ n ≤ 4,
nLc
√
n
(n− 4) , n > 4.
Applying (5.1), (5.5) and (5.6), we obtain
I2(x) ≤ n(n + 2)L
4
∫
Sn−1
(1− |x|2)3
|x− ζ |n+3
ω(|ζ − x∗|)
|ζ − x∗| |ζ − x
∗|dσ(ζ)(5.8)
≤ n(n + 2)Lc
2
∫
Sn−1
(1− |x|2)3
|x− ζ |n+2 dσ(ζ)
=
n(n + 2)Lc
2
(
1− |x|2 + 4
n
|x|2
)
= M2(n),
where
M2(n) =


2(n+ 2)Lc, 2 ≤ n ≤ 4,
n(n + 2)Lc
2
, n > 4.
Next, we estimate I3 and I4. By (5.5) and (5.6), we get
(5.9) I3(x) ≤ |n− 4|L|x|
∫
Sn−1
(1− |x|2)
|x− ζ |n ω(|ζ − x
∗|)dσ(ζ) ≤ |n− 4|Lω(2)
and
I4(x) ≤ n|n− 4|L
4
∫
Sn−1
(1− |x|2)2
|x− ζ |n+1
ω(|ζ − x∗|)
|ζ − x∗| |ζ − x
∗|dσ(ζ)(5.10)
≤ n|n− 4|Lc
4
∫
Sn−1
(1− |x|2)2
|x− ζ |n+1 |ζ − x
∗|dσ(ζ)
≤ n|n− 4|Lc
2
∫
Sn−1
(1− |x|2)2
|x− ζ |n dσ(ζ)
≤ n|n− 4|Lc
2
.
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It follows from (5.3), (5.7), (5.8), (5.9) and (5.10) that
(5.11) |DK[ϕ1](x)ξ| ≤
(
M1(n) +M2(n) + |n− 4|Lω(2) + n|n− 4|Lc
2
)
|ξ|.
Step 5.2. The estimate of |DH[ϕ2]|.
For x = (x1, . . . , xn) ∈ Bn and ζ = (ζ1, . . . , ζn) ∈ Sn−1, we obtain
∂
∂xk
Hn(x, ζ) = −1
2
(
4(1− |x|2)xk
|x− ζ |n +
n(1− |x|2)2(xk − ζk)
|x− ζ |n+2
)
,
where k ∈ {1, . . . , n}. Then, for any ξ = (ξ1, . . . , ξn) ∈ Rn \ {0}, we have
〈∇Hn(x, ζ), ξ〉 = −1
2
n∑
k=1
(
4(1− |x|2)xkξk
|x− ζ |n +
n(1 − |x|2)2(xk − ζk)ξk
|x− ζ |n+2
)
,
which, together with Cauchy-Schwarz’s inequality, gives that
|〈∇Hn(x, ζ), ξ〉| ≤
(
2(1− |x|2)|x|
|x− ζ |n +
n
2
(1− |x|2)2
|x− ζ |n+1
)
|ξ|.(5.12)
Applying (5.4) and (5.12), we see that
|DH[ϕ2](x)ξ| =
∣∣∣∣
∫
Sn−1
〈∇Hn(x, ζ), ξ〉ϕ2(ζ)dσ(ζ)
∣∣∣∣(5.13)
≤
(
2|x|+ n
2
∫
Sn−1
(1− |x|2)2
|x− ζ |n+1 dσ(ζ)
)
|ξ|‖ϕ2‖∞
≤
(
2 +
n
2
(
1− |x|2 + 4
n
|x|2
) 1
2
)
|ξ|‖ϕ2‖∞
= M3(n)|ξ|‖ϕ2‖∞,
where
M3(n) =


2 +
√
n, 2 ≤ n ≤ 4,
4 + n
2
, n > 4.
Step 5.3. The estimate of |DG[g]|.
Case 1. n 6= 2, 4.
For x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Bn with x 6= y, we have
∂
∂xk
G2,n(x, y) = cn(4− n)
(
|x− y|2−n(xk − yk)− [x, y]2−n
(
xk|y|2 − yk
)
−(1− |y|2)[x, y]2−nxk + (2− n)
2
[x, y]−n(x⊗ y) (xk|y|2 − yk)).
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Then, for any ξ = (ξ1, . . . , ξn) ∈ Rn \ {0}, we get
|〈∇G2,n(x, y), ξ〉| ≤ |cn||4− n|
(
|x− y|3−n + (1− |y|2)[x, y]2−n|x|(5.14)
+[x, y]3−n|y|+ (n− 2)
2
[x, y]1−n(x⊗ y)|y|
)
|ξ|,
which, together with Lemma B, yields that
|DG[g](x)ξ| ≤ ‖g‖∞
∫
Bn
|〈∇G2,n(x, ζ), ξ〉|dV (y)(5.15)
≤ ‖g‖∞|cn||4− n||ξ|
8∑
j=5
Ij(x),
where
I5(x) =
∫
Bn
dV (y)
|x− y|n−3 , I6(x) =
∫
Bn
dV (y)
[x, y]n−3
, I7(x) = |x|
∫
Bn
(1− |y|2)
[x, y]n−2
dV (y),
and
I8(x) =
(n− 2)
2
∫
Bn
x⊗ y
[x, y]n−1
dV (y).
Now we estimate I5. Let z = φx(y) ∈ Aut(Bn). Then, by (2.3) and (4.6), we have
I5(x) =
∫
Bn
|x− y|
|x− y|n−2dV (y) ≤ 2
∫
Bn
dV (y)
|x− y|n−2(5.16)
= 2
∫
Bn
1
|x− φx(z)|n−2
(1− |x|2)n
[x, z]2n
dV (z)
= 2(1− |x|2)2
∫
Bn
dV (z)
|z|n−2[x, z]n+2 .
It follows from (5.1) that
∫
Bn
dV (z)
|z|n−2[x, z]n+2 = An−1
∫ 1
0
(
ρ
∫
Sn−1
dσ(ζ)
|xρ− ζ |n+2
)
dρ
= An−1
∫ 1
0
(
ρ
(1− |x|2ρ2)2 +
4
n
|x|2ρ3
(1− |x|2ρ2)3
)
dρ
=
An−1
2
1
(1− |x|2) +
An−1
n
|x|2
(1− |x|2)2 ,
which, together with (5.16), implies that
(5.17) I5(x) ≤ An−1 (n− (n− 2)|x|
2)
n
≤ An−1.
Next, we estimate I6. By (2.2), we have
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|z| = ∣∣φx(φx(z))∣∣ = |x− φx(z)|
[x, φx(z)]
,
which gives that
(5.18)
1
[x, φx(z)]
=
|z|
|x− φx(z)| .
Applying (4.6) and (5.18), we see that
∫
Bn
dV (y)
[x, y]n−2
=
∫
Bn
1
[x, φx(z)]n−2
(1− |x|2)n
[x, z]2n
dV (z)(5.19)
= (1− |x|2)2
∫
Bn
dV (z)
[x, z]n+2
≤ (1− |x|2)2
∫
Bn
dV (z)
|z|n−2[x, z]n+2 ≤
An−1
2
,
which, together with (4.6) and (5.17), implies that
(5.20) I6(x) ≤ 2
∫
Bn
dV (y)
[x, y]n−2
≤ An−1.
At last, we estimate I7 and I8. It follows from (5.19) that
(5.21) I7(x) ≤
∫
Bn
dV (y)
[x, y]n−2
≤ An−1
2
.
Since
x⊗ y
(1− |x||y|) ≤
x⊗ y
(1− |x||y|)2 ≤ 1,
by (5.19), we see that
I8(x) ≤ (n− 2)
2
∫
Bn
x⊗ y
[x, y]n−2(1− |x||y|)dV (y) ≤
(n− 2)
2
∫
Bn
dV (y)
[x, y]n−2
(5.22)
≤ (n− 2)An−1
4
.
By (5.17), (5.20), (5.21) and (5.22), we conclude that
(5.23) |DG[g](x)ξ| ≤ ‖g‖∞|cn||4− n|An−1
(
5
2
+
n− 2
4
)
|ξ|.
Case 2. n = 2.
For x = (x1, x2), y = (y1, y2) ∈ Bn with x 6= y, we have
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∂
∂xk
G2,2(x, y) = 2c2
(
(xk − yk) log |x− y|
2
[x, y]2
+ (xk − yk)
−|x− y|
2
[x, y]2
(
xk|y|2 − yk
)− xk(1− |y|2)),
which gives that, for any ξ = (ξ1, ξ2) ∈ R2 \ {0},
|〈∇G2,2(x, y), ξ〉| ≤ 2c2
(
|x− y|
∣∣∣∣ log |x− y|2[x, y]2
∣∣∣∣ + |x− y|(5.24)
+
|x− y|2|y|
[x, y]
+ |x|(1− |y|2)
)
|ξ|,
where k ∈ {1, 2}.
Then, by (5.24) and Lemma B, we have
|DG[g](x)ξ| ≤ ‖g‖∞
∫
B2
|〈∇G2,2(x, ζ), ξ〉| dV (y)(5.25)
≤ 2c2‖g‖∞
(
I9(x) + 2π + I10(x) +
π
4
|x|
)
|ξ|,
where
I9(x) =
∫
B2
|x− y|
∣∣∣∣ log |x− y|2[x, y]2
∣∣∣∣dV (y) and I10(x) =
∫
B2
|x− y|2
[x, y]
dV (y).
Now we estimate I9. By Cauchy-Schwarz’s inequality and Lemma A, we see that
∫
S1
dσ(ζ)
|xρ− ζ |5 ≤
(∫
S1
dσ(ζ)
|xρ− ζ |4
) 1
2
(∫
S1
dσ(ζ)
|xρ− ζ |6
) 1
2
(5.26)
≤
∞∑
j=0
(n+ 1)2(n+ 2)2
4
|x|2jρ2j .
Let z = φx(y) ∈ Aut(Bn). Then, by (4.6) and (5.26), we get
I9(x) =
∫
B2
|x− y| log [x, y]
2
|x− y|2dV (y) =
∫
B2
(1− |x|2)3|z|
[x, z]5
log
1
|z|2dV (z)(5.27)
= 2π(1− |x|2)3
∫ 1
0
ρ2 log
1
ρ2
(∫
S1
dσ(ζ)
|xρ− ζ |5
)
dρ
≤ 2π(1− |x|2)3
∞∑
j=0
(n+ 1)2(n+ 2)2
4
|x|2j
∫ 1
0
ρ2+2j log
1
ρ2
dρ
≤ 2π(1− |x|2)3
∞∑
j=0
(n+ 1)(n+ 2)
8
|x|2j = π
2
.
At last, we estimate I10. Since φx(y) ∈ Aut(Bn), we see that
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(5.28) I10(x) =
∫
B2
|x− y||φx(y)|dV (y) ≤ 2
∫
B2
dV (y) = 2π.
Hence, in this case, it follows from (5.25), (5.27) and (5.28) that there is a positive
constant M4 such that
(5.29) |DG[g](x)ξ| ≤ M4‖g‖∞|ξ|.
Case 3. n = 4.
For x = (x1, x2, x3, x4), y = (y1, y2, y3, y4) ∈ Bn with x 6= y, we have
∂
∂xk
G2,4(x, y) = 2c4
(
xk − yk
|x− y|2 −
xk|y|2 − yk
[x, y]2
− (1− |y|
2)xk
[x, y]2
−(x⊗ y)
(
xk|y|2 − yk
)
[x, y]4
)
= 2c4
(
xk(1− |y|2)
(
1 + |y|2 − 2〈x, y〉)− yk(x⊗ y)
|x− y|2[x, y]2
−(1− |y|
2)xk
[x, y]2
− (x⊗ y)
(
xk|y|2 − yk
)
[x, y]4
)
,
which yields that, for any ξ = (ξ1, ξ2, ξ3, ξ4) ∈ Rn \ {0},
|〈∇G2,4(x, y), ξ〉| ≤ 2|c4|
(
(1− |y|2)(1 + |y|2 − 2〈x, y〉)|x|+ (x⊗ y)|y|
|x− y|2[x, y]2(5.30)
+
(1− |y|2)|x|
[x, y]2
+
(x⊗ y)|y|
[x, y]3
)
|ξ|
≤ 2|c4|
(
(1− |y|2)(1 + |y|2 − 2〈x, y〉)+ (x⊗ y)
|x− y|2[x, y]2
+
(1− |y|2)
[x, y]2
+
x⊗ y
[x, y]3
)
|ξ|
= 2|c4|
(
(1− |y|2)
[x, y]2
+
2(x⊗ y)
|x− y|2[x, y]2
+
(1− |y|2)
[x, y]2
+
x⊗ y
[x, y]3
)
|ξ|,
where k ∈ {1, 2, 3, 4}.
Next, we estimate
I11 =
∫
B4
(1− |y|2)
[x, y]2
dV (y), I12 =
∫
B4
(x⊗ y)
|x− y|2[x, y]2dV (y)
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and
I13 =
∫
B4
(
(1− |y|2)
[x, y]2
+
x⊗ y
[x, y]3
)
dV (y).
First, we know from elementary calculations that
I11 ≤
∫
B4
(1− |x|2|y|2)
[x, y]2
dV (y) = A3
∫ 1
0
ρ3
(∫
S3
1− |x|2ρ2
|xρ− ζ |2 dσ(ζ)
)
dρ(5.31)
=
A3
4
.
Let z = φx(y) ∈ Aut(B4). Then, by (2.2), (2.3), (4.6) and (5.1), we obtain
I12 = (1− |x|2)2
∫
B4
(1− |z|2)
|z|2[x, z]6 dV (z)(5.32)
= A3(1− |x|2)2
∫ 1
0
(∫
S3
ρ(1− ρ2)
|xρ− ζ |6 dσ(ζ)
)
dρ
= A3(1− |x|2)2
∫ 1
0
ρ(1 − ρ2)
(1− |x|2ρ2)3dρ
≤ A3(1− |x|2)2
∫ 1
0
ρ
(1− |x|2ρ2)2dρ ≤
A3
2
.
Since
1− |y|2
[x, y]2
+
x⊗ y
[x, y]3
= (1− |y|2)
(
1
[x, y]2
+
1− |x|2
[x, y]2(1− |x|)
)
≤ 3(1− |x|
2|y|2)
[x, y]2
,
we see that
I13 ≤ 3A3
∫ 1
0
ρ3
(∫
S3
1− |x|2ρ2
|xρ− ζ |2 dσ(ζ)
)
dρ =
3
4
A3.(5.33)
It follows from (5.30), (5.31), (5.32), (5.33) and Lemma B that
|DG[g](x)ξ| ≤ ‖g‖∞
∫
B4
|〈∇G2,4(x, y), ξ〉| dV (y)(5.34)
≤ 2|c4|
(
I11 + 2I12 + I13
)|ξ| ≤ 2|c4|(A3
4
+ A3 +
3A3
4
)
|ξ|
=
1
2
|ξ|.
Therefore, by (5.23), (5.29) and (5.34), we conclude that there exists a positive
constant M5 such that
(5.35) |DG[g](x)ξ| ≤M5‖g‖∞ξ.
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Step 5.4. The Lipschitz continuity of f .
By (5.11), (5.13) and (5.35), we see that there is a constant M6(n, ‖ϕ2‖∞, ‖g‖∞)
such that
|Df(x)| ≤M6(n, ‖ϕ2‖∞, ‖g‖∞),
which yields that, for any a, b ∈ Bn,
|f(a)− f(b)| =
∣∣∣∣
∫
[a,b]
Df(x)dx
∣∣∣∣ =
∣∣∣∣
∫
[a,b]
Df(x)
dx
|dx| |dx|
∣∣∣∣ ≤
∫
[a,b]
|Df(x)||dx|
≤ M6(n, ‖ϕ2‖∞, ‖g‖∞)|a− b|.
The proof of this theorem is complete. 
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